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Abstract 
Charatonik, J.J., Mapping invariance of extremal continua, Topology and its Applications 43 
(1992) 275-282. 
Conditions are studied concerning mappings between continua under which the image of an 
extremal continuum in the domain is an extremal continuum in the range. 
Keywords: Continuum, extremal, irreducible, mapping, monotone, quasi-monotone, unicoherent. 
AMS (MOS) Subj. Class.: 54C10, 54FlS. 
Throughout the paper all spaces are metric and all mappings are continuous. A 
continuum means a compact connected space. If points a and b of a continuum X 
are such that no proper subcontinuum of X contains both a and b, then X is said 
to be irreducible from a to b (or irreducible between a and b). A continuum is said 
to be irreducible if it is irreducible between a pair of its points. If a continuum X 
is irreducible from a point a E X to some other point of X, then a is called a point 
ofirreducibility of X. An irreducible continuum from a to b will be denoted by I (a, b). 
A proper subcontinuum S of a continuum X is called a terminal continuum in X 
provided whenever P and Q are proper subcontinua of X having union equal to 
X such that both P and Q meet S it follows that either X = Pu S or X = Qu S. 
This concept, introduced in [l, Definition 1.1, p. 71, should not be confused with 
other ones, known under the same name (see [l, pp. 35 and 391 for a more detailed 
discussion). 
If S is terminal in I u S for every irreducible subcontinuum I in X such that 
I n S # 0 f I\& then S is called an extremal continuum in X (see [5, p. 2641). 
Examples are presented in [5, p. 2651 showing that neither of these concepts (of 
terminal and of extremal continua) includes the other one. The following characteriz- 
ations of extremal continua are known (see [5, Theorem 3.3, p. 268 and Corollary 
3.4, p. 2691). 
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Theorem 1 (Owens). For each proper subcontinuum S of a continuum X the following 
three conditions are equivalent: 
(a) S is an extremal continuum in X; 
(b) S is a point of irreducibility of each irreducible subcontinuum of X/S that 
contains S; 
(c) each irreducible subcontinuum of X which meets S has a point of irreducibility 
in S. 
Let a surjective mapping f: X + Y of a continuum X be given. The aim of this 
paper is to discuss various conditions, concerning the domain X and/or the mapping 
f under which the concept of an extremal continuum is preserved, i.e., under which 
the image of an extremal continuum in the domain is an extremal continuum in the 
range. We begin with the following theorem. 
Theorem 2. Let an extremal continuum S in a continuum X be given, and let a surjective 
mapping f: X + Y satisfy the two conditions: 
(a) for each subcontinuum I of X which is irreducible from a point p E S to some 
other point of X its image f( I) is irreducible from f( p) to some point of Y; 
(b) for each irreducible subcontinuum J of Y such that J n f(S) # 0 the inverse 
image f-‘(J) is an irreducible subcontinuum of X. 
Then f(S) is an extremal continuum in Y. 
Proof. According to characterization Theorem 1 (c) of extremal continua it is enough 
to prove that if an irreducible continuum meets f(S), then it has a point of 
irreducibility in f (S). So let a subcontinuum J of Y be irreducible and let J n f (S) # 
0. By (b) the set f -l(J) is an irreducible subcontinuum of X, and we have f -l(J) n 
S # 0. Since the continuum S is extremal in X by assumption, and since f-‘(J) is 
irreducible, it follows from Theorem l(c) that f-‘(J) has a point of irreducibility, 
say p, in S. By (a) the image f (f -‘( J)) = J is an irreducible continuum having f (p) 
as a point of irreducibility which surely belongs to f(S). The proof is complete. 0 
As a consequence of Theorem 2 we get the following result. 
Corollary 3. Let a surjective mapping f: X + Y of a continuum X satisfy the two 
conditions: 
(a) for each subcontinuum I of X which is irreducible from a point p of an extremal 
continuum in X to some other point of X its image f(I) is irreducible from f(p) to 
some point of Y; 
(b) for each irreducible subcontinuum J of Y intersecting the image under f of an 
extremal continuum in X the inverse image f -‘( J) is an irreducible subcontinuum of X. 
Then 
tf S is an extremal continuum in X, then f (S) is an extremal continuum 
in Y. (*I 
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Example 4. The converse implications to the ones in Theorem 2 and Corollary 3 
are not true. 
Proof. Let a, b, c be complex numbers which are cubic roots of 1, and let 
T={rz:z~{~,b,c}and r~[O,l]}. 
Define a mapping f: [0,4] + T putting 
f (0) = a, f(l) =O, f(2) = b, f(3) = 0, f(4) = c 
and letting f/ [x, x + l] to be an isometry for x E (0, 1,2,3}. Then (0) and (4) are 
extremal continua of [0,4], their images {a} and {c} are extremal continua of T, 
and none of the conditions Theorem 2(a) and (b) and Corollary 3(a) and (b) is 
satisfied. 0 
Conditions Corollary 3(a) and (b) are implied by (a) and (b) below, respectively. 
Thus we have the next corollary. 
Corollary 5. Let a surjective mapping f: X + Y satisfy the two conditions: 
(a) for each subcontinuum I of X which is irreducible from a point p E X to some 
other point of X its image f(1) LS irreducible from f(p) to some point of Y; 
(b) for each irreducible subcontinuum Jof Y the inverse image f -‘( J) is an irreducible 
subcontinuum of X. 
Then 
if S is an extremal continuum in X, then f (S) is an extremal continuum 
in Y. (*) 
Now consequences of Corollary 5 will be presented. We will start with some 
conditions that imply assumption (a), and next we will discuss other ones that are 
related to (b). Since condition (a) is connected with quasi-monotone mappings, 
some known results concerning these and other related mappings of continua will 
be needed. We recall definitions of the mappings first. 
A mapping f: X + Y between continua X and Y is said to be: 
- quasi-monotone provided that for each subcontinuum K of Y with nonempty 
interior the inverse image f-‘(K) has finitely many components each of which is 
mapped onto K; 
- monotone provided that for each subcontinuum K of Y the inverse image 
f-‘(K) is connected; 
- confluent provided that for each subcontinuum K of Y and for each component 
Q off-‘(K) the equality f(Q) = K holds; 
- hereditarily monotone (hereditarily confluent) provided that for each subcon- 
tinuum C of X the partial mapping f 1 C : C + f( C) is monotone (confluent, respec- 
tively); 
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- a local homeomorphism provided that for each point of X there exists an open 
neighbourhood lJ of this point such that f( U) is open in Y and f 1 U: U+f( U) is 
a homeomorphism. 
Obviously each monotone mapping of a continuum is quasi-monotone. It is known 
that each local homeomorphism of a continuum is quasi-monotone [2, Theorems 
5 and 7, pp. 223 and 2241; cf. [4, Table II, p. 281, and that each hereditarily confluent 
mapping is also quasi-monotone [4, Corollary 4.45, p. 261. So we have the following 
known assertion (cf. [2, p. 2211). 
Statement 6. If a surjective mapping of a continuum is either monotone or hereditarily 
confluent or a local homeomorphism, then it is quasi-monotone. 
We need also a result concerning images of irreducible continua under quasi- 
monotone mappings. The result is a slightly stronger version of [2, Theorem 3, 
p. 2221, with the same proof (compare also [4, (8.1), p. 711). 
Theorem 7 (Fugate and Mohler). If a continuum X is irreducible from a point p to 
some other point of X and if a mapping f: X + Y is a quasi-monotone surjection, then 
the continuum Y is irreducible from f( p) to some point of Y. 
The following theorem is an immediate consequence of Theorems 2 and 7. 
Theorem 8. Let an extremal continuum S in a continuum X be given, and let a surjective 
mapping f: X + Y satisfy the two conditions: 
(a) for each irreducible subcontinuum I of X which is irreducible from a point p E S 
to some other point of X the partial mapping f 1 I : I + f( I) is quasi-monotone; 
(b) for each irreducible subcontinuum J of Y such that J n f(S) # 0 the inverse 
image f -l(J) is an irreducible subcontinuum of X. 
Then f(S) is an extremal continuum in Y. 
The next corollary is a consequence of Theorem 8 as well as of Corollary 3 and 
Theorem 7. 
Corollary 9. Let a surjective mapping f: X + Y of a continuum X satisfy the two 
conditions: 
(a) for each subcontinuum I of X which is irreducible from a point p of an extremal 
continuum in X to some other point of X the partial mapping f 1 I : I + f (I) is quasi- 
monotone; 
(b) for each irreducible subcontinuum J of Y intersecting the image under f of an 
extremal continuum in X the inverse image f -l(J) is an irreducible subcontinuum of X. 
Then 
tf S is an extremal continuum in X, then f (S) is an extremal continuum 
in Y. (*) 
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Similarly as Corollary 3 implies Corollary 5, the next one can be derived from 
Corollary 9. 
Corollary 10. Let a surjective mapping f: X -+ Y of a continuum X satisfy the two 
conditions: 
(a) for each irreducible subcontinuum I of X the partial mapping f / I : I + f (I) is 
quasi-monotone; 
(b) for each irreduciblesubcontinuum Jof Y the inverse imagef -l(J) is an irreducible 
subcontinuum of X. 
Then 
if S is an extremal continuum in X, then f(S) is an extremal continuum 
in Y. (*) 
Corollary 10 and Statement 6 imply the following corollary. 
Corollary 11. Let a surjective mapping f: X + Y of a continuum X satisfy the two 
conditions: 
(a) for each irreducible subcon tinuum J of Y the inverse image f -‘( J) is an irreducible 
subcontinuum of X; 
(b) for each irreducible subcontinuum I of X the partial mapping f 1 Z : I + f( I) is 
either monotone or hereditarily confluent or a local homeomorphism. 
Then 
if S is an extremal continuum in X, then f(S) is an extremal continuum 
in Y. (*) 
Note that each hereditarily monotone mapping f: X -+ Y satisfies condition (b). 
Thus, Corollary 11 implies the following. 
Corollary 12. If a surjective mapping f: X + Y of a continuum X is hereditarily 
monotone and satisfies condition 
(a) for each irreducible subcon tinuum /of Y the inverse image f -‘( J) is an irreducible 
subcontinuum of X, 
then 
if S is an extremal continuum in X, then f(S) is an extremal continuum 
in Y. (*) 
Condition (a) implies that the mapping f under consideration is monotone. In 
fact, we have even a stronger result. 
Proposition 13. A surjective mapping f: X --, Y of a continuum X is monotone if and 
only if it satisfies the condition 
(a) for euch irreducible subcontinuum in Y its inverse image underf is a continuum. 
Proof. If f is monotone, then (a) obviously holds true. To prove the other implication 
we will show that for every subcontinuum K of Y its inverse image f-‘(K) is 
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connected. Let p ~f~i( K). Thenf( p) E K. For each pointy E K \{f( p)} let Z(f( p), y) 
stands for an irreducible continuum from f(p) to q contained in K. The existence 
of such a continuum is guaranteed by [3, Theorem 1, § 48, II, p. 1921. Obviously 
we have K = IJ {Z(f(p), y): y E K}, whence it follows that f-‘(K) = 
U W’(Z(f(p), ~1): Y E W. S’ mce for each y E K the set f-‘(Z(f(p), y)) is a con- 
tinuum by (a) and since p of-‘(l(f(p), y)) f or each y E K, we see that f-‘(K) is 
the union of a family of continua with nonempty intersection, so it is connected 
(compare [3, § 46, II, Corollary 3(i), p. 1321). The proof is then complete. 0 
Obviously Corollary 12(a) implies Proposition 13(a). Thus Proposition 13 leads 
to the following corollary. 
Corollary 14. Zf a surjective mapping f: X + Y of a continuum X satisjies condition 
(a) for each irreducible subcontinuum Jof Y the inverse imagef -‘( J) is an irreducible 
subcontinuum of X, 
then f is monotone. 
Remark 15. Note that the two assumptions of Corollary 12, viz. hereditary monoton- 
icity off and condition (a) are independent in the sense that neither of them implies 
the other one. First, take the simple triod T considered in Example 4 and define 
f: T + Y = {rz: z E {b, c} and r E [0, 11) as a retraction which shrinks the arc {ra: r E 
[0, l]} to the origin. Then f is hereditarily monotone and it does not satisfy Corollary 
12(a). Second, take the unit circle X = {z: ]z]= 1) and define f :X+ Y =X as a 
mapping which shrinks the right semicircle to the point z = 1, i.e., f({z E X: Re z 2 
0)) = {l}, and stretches homeomorphically the left upper quarter {z E X: Re z 5 0 
and Im z 2 0) onto the upper semicircle {z E X: Im z 3 0}, and the left lower quarter 
{z E X: Re ZG 0 and Im z GO} onto the lower semicircle {z E X: Im Z=Z 0). It is 
evident that f satisfies Corollary 12(a), is then monotone, while not hereditarily 
monotone, because the restriction off to the left semicircle is not monotone. The 
same examples show that there is no implication between conditions (a) and (b) in 
Corollary 5. 
A continuum X is said to be unicoherent provided the intersection of any two its 
subcontinua whose union is X is connected. It is said to be hereditarily unicoherent 
provided each of its subcontinua is unicoherent; equivalently, if the intersection of 
any two its subcontinua is connected. Recall the following characterization of 
hereditarily unicoherent continua (see [4, (6.10), p. 531). 
Proposition 16 (Mackowiak). A continuum X is hereditarily unicoherent tf and only 
if each monotone mapping defined on X is hereditarily monotone. 
Since Corollary 14(a) implies monotonicity off and since monotonicity off is 
equivalent to hereditary monotonicity off if the domain continuum X is hereditarily 
unicoherent by Proposition 16, we have the following consequence of Corollary 12. 
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Corollary 17. If a surjective mapping f: X + Y of a hereditarily unicoherent continuum 
X satisfies condition 
(a) for each irreducible subcontinuum Jof Y the inverse imagef -‘( J) is an irreducible 
subcontinuum of X, 
then 
if S is an extremal continuum in X, then f(S) is an extremal continuum 
in Y. (*) 
A continuum is said to be arclike (or chainable) if for each E > 0 it admits an 
s-mapping onto an arc. It is well known that each arclike continuum is hereditarily 
unicoherent and irreducible and that any subcontinuum of an arclike continuum is 
arclike (thus irreducible). Therefore if a continuum X is arclike and a mapping 
f: X+ Y is monotone, then Corollary 12(a) is satisfied and thus (*) holds by 
Proposition 16 and Corollary 12. Hence each of Corollaries 5, 10 and 17 implies 
the following result. 
Corollary 18. If a surjective mapping f: X + Y of an arclike continuum X is monotone, 
then 
if S is an extremal continuum in X, then f (S) is an extremal continuum 
in Y. (*) 
We close the paper considering arcwise connected and hereditarily arcwise con- 
nected continua. A continuum is said to be arcwise connected if each two its points 
can be joined by an arc contained in the continuum. A continuum all of whose 
subcontinua are arcwise connected is said to be hereditarily arcwise connected. The 
following characterization of these continua is well known and easy to verify. 
Proposition 19. A continuum X is hereditarily arcwise connected if and only if each 
irreducible continuum contained in X is an arc. 
A point p of an arcwise connected continuum Y is defined to be an end point of 
Y in the classical sense provided p is an end point of each arc in Y that contains 
p. Let a subcontinuum S of a continuum X be given and let q : X + X/S denote 
the monotone quotient mapping that shrinks S to a point q(S) of X/S and is a 
homeomorphism outside of S. Owens has proved [5, Corollary 3.7, p. 2701 that if 
S is an extremal continuum of a continuum X and if the quotient space X/S is 
arcwise connected, then q(S) is an end point of X/S in the classical sense. Further, 
she has shown by [5, Example 3.8, p. 2701 that S need not be an extremal continuum 
in X in order that q(S) be an end point of X/S in the classical sense. Namely let 
X be the sin(l/x)-circle in the Euclidean plane defined by 
X = {(x, sin( l/x)): 0 < x G 2/~r} 
u{(2/Tr,y): -2SySl) 
u {(x, -2): 0s x ZZ 2/Tr} 
u{(O,y): -2CySl}, 
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and let S denote the upper half of the limit segment of X, i.e., S = ((0, y): 0 5 y Q 1). 
Then X/S is homeomorphic to X, and q(S) is the unique end point of X/S in the 
classical sense, while S is not extremal in X. Note that X/S is arcwise, but not 
hereditarily arcwise connected. If hereditary arcwise connectedness of the quotient 
space X/S is assumed, then the converse to Owens’ result holds. Namely we have 
the following result. 
Proposition 20. Let a subcontinuum S of a continuum X be given, and let q : X + X/S 
denote the quotient mapping. uX/S is hereditarily arcwise connected, and if q(S) is 
an end point of X/S in the classical sense, thenTS is an extremal continuum of X. 
Proof. Really, it suffices to apply Proposition 19 to characterization (3) of Owens’ 
Theorem 1 of extremal continua. q 
[5, Corollary 3.7, p. 2701 and Proposition 20 imply the following. 
Theorem 21. Let a subcontinuum S of a continuum X be given, and let q: X + X/S 
denote the quotient mapping. Zf X/S is hereditarily arcwise connected, then S is an 
extremal continuum of X if and only if q( S) is an endpoint of Xl S in the classical sense. 
Observe that monotone mappings preserve hereditary arcwise connectedness of 
continua. Since the quotient mapping q : X + X/S is monotone, we have the follow- 
ing consequence of Theorem 21. 
Corollary 22. Let a subcontinuum S of a hereditarily arcwise connected continuum X 
be given, and let q: X+ X/S denote the quotient mapping. Then S is an extremal 
continuum of X tf and only zf q(S) is an end point of X/S in the classical sense. 
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